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ABSTRACT

Crew motion and other disturbances can perturb, or
wobble, the steady rotation desired of the Skylab vehicle in an
artificial gravity mode. The wobble state is characterized in
this memorandum by describing the motion of the angular velocity
vector and the vehicle principal axes with respect to the system
angular momentum. A complimentary description of the motion of

the angular velocity vector in vehicle coordinates is also
given.

A parameter, the excess energy ratio, is suggested
for use in characterizing the wobble state. The advantage of
this parameter is its time invariance. The wobble angle param-
eters usually employed do not enjoy this important property.
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Introduction

An artificial gravity experiment is one objective
being studied for Skylab B. The artificial gravity environment
would be provided by rotating the vehicle about an axis perpen-
dicular to the longitudinal axis of the vehicle. For passive
stability the rotation must be about the axis of maximum moment
of inertia.

Ideally the system angular momentum, angular velocity
and axis of maximum moment of inertia are colinear. In this
case the angular velocity is constant. Crew displacements and/or
undesired torquing can disturb this condition and produce a state
of variable angular velocity. If the incremental angular velo-
city introduced by the disturbance is small in magnitude relative
to the desired steady value, the vehicle is said to wobble.

Wobble can produce physiological effects on the crew
that may require corrective action. Whether or not wobble con-
trol is required depends on the acceptable wobble limit and the
anticipated disturbances.

This memorandum describes the wobble state of the
Skylab configuration. The interrelations of angular momentum,
angular velocity and vehicle coordinates are given in both
vehicle and inertial coordinates. A parameter, the excess energy

-ratio, is suggested for characterizing the wobble state. This

parameter is superior to the usual characterization based on
wobble angles since it is an invariant of the motion while wobble
angles are in general time dependent.

The behavior of the system may be described in terms
of elementary motions that are repeated in time. For inertial
coordinates, insight into this regularity is provided by the
Poinsot construction. Changing the excess energy ratio merely
scales the describing diagrams so that only two diagrams, one for
vehicle space and one for inertial space are required.

The analysis is largely confined to the Appendix.
Notation is given there. The treatment is confined to the rigid
body model in a torque free environment. For the angular momentum
levels anticipated, environmental disturbances have small effect
in a time of the order of one orbit and this representation pro-
vides a good first level description of the rotational state.
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Approximate Method

A great deal of information on the rotational

characteristics of the Skylab can be obtained from an approximate
solution of Euler's equations. These equations, which apply in
vehicle principal axes coordinates,

Lo, + (I, - I ) w0, =0
(1) Iy&)y + (I, - T )ue, =0
Izmz + (I, - Ix)mxwy = 0
are solved taking
(2) w, = w, = constant,

an assumption which linearizes the equations in Wy and my. The
assumption is quite good. It will be shown later that the

variation in W, does not exceed 1.3% for a rather large value,

.001, of the excess energy ratio y.* For smaller values of ¥y

the wvariation in W, is even less than the given value.

(3)

The solution of Equations (1) is

€
]

W

% xocoth - (a/b)wy051n8t

£
i

(b/a)wxoslnst + myocosst

B.

*For representative values of moments of inertia for Skylab
See next section for the values used throughout this paper.
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and

The subscript zero on Wep and wyO refers to zero time.

It is clear from (2) and (3) that w sweeps out a right ellipti-

cal cone. The tip of w moves along an ellipse whose ratio of
major to minor axes, b/a, depends only on the system moments of

inertia. The wobble frequency, B8, is simply a constant times the
spin frequency. '

This analysis can be extended through the use of
appropriate Euler angles to describe the motion in inertial
coordinates. The extension is not carried forward here. An
alternative method based on the Poinsot construction is used
instead since it is not limited by the above approximation and
a single integration is required instead of three.

The above development is included here as the results
compliment those to be presented next which will not give the
time dependence.

Conservation Laws and Poinsot Construction

The conservation laws, energy and angular momentum,
constrain the Skylab system in rotation. As there are two con-
straints and three degrees of rotational freedom it is not
surprising that the system moves, i.e., w is a function of time.

A variety of methods may be employed to determine the
resulting motion. A convenient one which provides insight into
the repetitive nature of the phenomena is based on the Poinsot
construction (1).

In this method, the inertia ellipsoid is made to roll
without slipping on a plane normal to H, the so-called invariable
plane. Figure 1 shows the arrangement. The resulting loci of
the points of contact on the ellipsoid and invariable plane are
called the polhode and the herpolhode, respectively.

Figure 2 shows a plot of the projection of unit vectors
in the direction of @ and the plus Z axis on the invariable plane
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for y = .0001, kez = 0.203, and kyz = 0.963.*%,** The figure

covers one half a revolution of the inertia ellipsoid. The
pattern repeats for the next half revolution starting with new
initial points existing at the end of the first half rotation.
The motion in the invariable plane is not periodic since the
patterns do not close.

The angles ewh and ez are less than 10° for range

h
of y expected. It is possible therefore to interpret the radial
coordinates of the curves directly in terms of these angles. To
facilitate this reading, the radial coordinate is marked in
degrees rather than radians.

It is easy to show that the curves in Figure 2 scale

as vy while maintaining their form. These curves, with appro-
priate scaling, therefore completely describe the wobble state
of Skylab in inertial coordinates for the given values of

the parameters kXz and kyz'

Numerical Results

Computed values of the variables are given in Table I
for vy = .001. This value of y is six times as large as the
maximum value obtainable due to the simultaneous displacement of
three crew members.

Even for this relatively large value of y, the variation
in w, is seen to be quite small thus validating the assumption

used in the approximate analysis.

The angles ®h and ewh can be compared with Figure 2.

They stand approximately as Y10 : 1, thus confirming the Va
dependence indicated earlier.

The increase in ¢m and ¢Z'indicated in Table 1, which

corresponds to a 1/4 revolution of the inertia ellipsoid is only a
trifle larger, approximately 2°, than for Figure 2. These quanti-
ties are therefore relatively independent of y which is the basis

of the assertion that Figure 2 preserves its shape and only scales
in size as y changes.

*Obtained from estimated values I, = 0.929 x 106 slug ftz,

I, = 4.405 slug £t?, and I, = 4.572 x 10° slug £t°.

**y = ,00015 is largest value obtainable from simultaneous
displacement of three, 6.6 slug astronauts.
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Wobble Angle

It appears to be common to characterize wobble by
referring to a wobble angle. There are three possible angles,
Ooh’ Buz’ and ®2h and it is rare for the precise angle to be

identified in such references. In any case, these angles are of
limited utility in describing wobble since they vary in time.
In the case described by Table I, ezh and ewh vary by nearly

10 : 1 and 6,z varies by more than 2 : 1.

It is for this reason that y, the excess energy ratio,
is recommended for use in describing wobble. This quantity meets
a desirable prerequisite for use as a parameter, i.e., it is
invariant with time.

Checks

The computer program used for Figure 2 was checked in
various ways. All purely algebraic manipulations were checked by
slide rule methods. The length of the polhode can be approximated
by a complete elliptic integral of the second kind.

Finally the curves of Figure 2 were compared with the
results of L. E. Voelker's program which integrates the equations
of motion using Euler angles.

All these checks on the program sustained the validity
of the computer results.
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TABLE I

u 0 .2 .4 .6 .8 1.0
wx/wo .079 .077 .072 .063 . 047 0
wy/wo 0 .034 .067 .101 .135 .168
wz/wo .999 .999 .998 .995 .991 .987
w/wo 1.003 1.003 1.003 1.002 1.002 1.001
px/pO .079 .077 .072 .063 . 047 0
py/po 0 .034 .067 .101 .135 .168
pz/pO .999 .999 .997 .995 .991 .986
p/pO 1.002 1.002 1.002 1.002 1.001 1.001
ezh(deg) .915 2.06 3.82 5.64 7.48 9.34
ewh(deg) 3.59 3.51 3.28 2.87 2.17 .35
Gwz(deg) 4,49 4,81 5.64 6.82 8.19 9.69
¢m (deg) 0 31.0 63.6 100 146 325
¢z(deg) 180 274 318 358 404 505
Conditions = ,.001, kxz = ,203, kyz = ,.963

= ny/b = (wy/wo)/b
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Notation

Xz

Yz

APPENDIX

Angular momentum
Rotational kinetic energy

Minimum T for given H

Angular velocity

|w| for T =T
o

w/ w
/ o
Moment of inertia in direction n

Principal axes coordinate system

= Principal axes moments of inertia
n/vYI  Locus of tip of p is inertia ellipsoid
1//1,
o/o,
Angle between w and H

Angle between w and plus z axis

Angle between plus z axis and H

T-T

T
(o]

Excess energy ratio
Ix/Iz
z

I/1
¥/

(Iz-Iy)/IX
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. ] (I -1.)
I
Y Yy
kz = (Iy—Ix)/Iz
R = vk k w
xy Yo
2 _ Y
a =
kxz(l-kxz)
b2 = !
K, (=K _7

Absence of a bar indicates the magnitude of a vector and sub-
scripts x, y, or z refer to components along principal axes.

Conservation Laws and Poinsot Construction

The conservation of energy and angular momentum yield

(a) I w?2 +TIT w22+ TIw?l2=2T
X X Yy z z

(A-1)

(b) (Ixmx)2 + (Iywy)2 + (Izwz)2 = H

e o _ - 2 - = i
Dividing (A-la) by 2TO Izwo and (A-1lb) by H Izwo gives

2 2 4 2. = +
kxznx + kyzny N2 Y 1

(A-2)

2. 2 2, 2 4 2 -
kxz gt kyz ny Nz 1

For a given system, the parameter y is seen to completely
characterize the wobble state. It is easy to show that the range
on vy is

(A-3) 0 S Y3 El- -1
X2
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The condition y = 0 is the wobble free state with

The quantity n, may be eliminated from Equations A-2

to yield
2 2
n n
2o X o=
a2 b2

The projection of the locus of the tip of w on the xy plane is
an ellipse. The locus is not a plane figure in this instance
since w, does vary somewhat.

The three wobble angles are readily determined and are
given by the following formulas:

= -1 2 2. 2 = -1
6zh cos (n /'V + k vz ny + 1 cos

(A-4) Gwz

cos—l(nz/n)

_ -1
0 n = COS (y+1) /n

the last relationship coming from
w + H= 2T

A complete description of the behavior of the system
in inertial coordinates requires an integration. The method
used here is based on the Poinsot construction.
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_ The inertia ellipsoid of Figure 1 is the locus of
vector p given by

(A-5) o = n/VT

where I is the moment of inertia in a direction n.

Since
o = 1/V1
it follows that
(A-6) (w/p)2 = 2T
and therefore
- 2 =
(A-7) (wo/po) 2T

Dividing (A-6) by (A-7) gives

(n/z)2 =y + 1

and

(A-8) T =1 //y+1

The foregoing relationships are sufficient to formulate
a differential equation describing the rolling of the inertia

ellipsoid on the invariable plane.

Let
dsp - element of length on polhode
dsh - element of length on herpolhode
Thew = radius vector in invariable plane from H
to tip of op.
¢, - angle between L and a reference line

in invariable plane.
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Then
r
hw o . .
_— = — | s1n?o = g s1iné
°o °s ) wh wh
ds
(A-9) L - \/dc 2+ g ? 4+ dc,
°o
ds dr 2 r 2 ds
_h _ \J[__ﬁ_ ho dé ) = B
Po °o o o

The last expression can be solved for d¢w. The
associated integration was performed numerically on a digital
computer for the curves given in Figure 2.

The location of the projection of k, unit vector along
Z, can be determined once 9, is known., It is easy to show that

cosezh cosewh -~ cosewz

cos¢z - sing

sing wh

zh

where ¢z is measured at origin between line of angle ¢w + 7
and projection of k.

Although the curves of Figure 2 were computed using

E/po the results apply to w/wo since these vectors are parallel.
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